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Abstract
We consider slightly non-extremal black 3-branes of type IIB supergravity and show that
their Bekenstein-Hawking entropy agrees with the counting of states of the Dirichlet 3-brane.
The Dirichlet brane excitations are described in terms of the statistical mechanics of a 3+1
dimensional gas of massless open string states. This is essentially the classic problem of black
body radiation. The black body temperature is shown to be identical with the temperature
of the Hawking radiation. We also construct a solution of type IIB supergravity describing a
3-brane with a nite density of longitudinal momentum. For extremal momentum-carrying
3-branes the horizon area vanishes. This is in agreement with the fact that the BPS entropy









Apart from their intrinsic importance, black holes
4
provide a testing ground for the quantum
theory of gravitation. Classical General Relativity, together with quantum eld theory,
implies that a black hole should be assigned an entropy equal to one-fourth of its horizon
area measured in Planck units [1, 2]. In a fundamental theory of quantum gravity this
Bekenstein-Hawking entropy should have a statistical interpretation. It has been argued
[3, 4, 5] that string theory provides such an interpretation, because very massive fundamental
string states should form black holes, and the number of such states exhibits the exponential
Hagedorn growth.
Recently, a much improved understanding of the Ramond-Ramond charged string soli-
tons has emerged through the Dirichlet brane description [6, 7]. This has led to rapid
progress on the black hole entropy problem. In [8] a certain extremal 5-dimensional black
hole was constructed so that its horizon area is non-vanishing. It was shown that the log-
arithm of its ground state degeneracy, calculated with D-brane methods, precisely matches
the Bekenstein-Hawking entropy. This remarkable nding has been extended in a number of
directions. In [9] it was generalized to rotating black holes. In [10] a similar 5-dimensional
example was considered, and it was further shown that the entropy of slightly non-extremal
black holes also matches the Bekenstein-Hawking result. This allowed for a D-brane cal-
culation of the temperature of Hawking radiation. In [11] similar results were obtained
for slightly non-extremal black strings in 6 dimensions (upon compactication these strings
reduce in a certain limit to the 5-dimensional black holes of [8]).
At this stage it is important to elucidate the criteria for agreement between the D-brane
and the Bekenstein-Hawking entropy, and to nd new successful examples. In this paper we
provide a new and very simple example of a black p-brane whose D-brane entropy matches
the Bekenstein-Hawking entropy. This is the self-dual 3-brane in 10 dimensions. Since it
couples to the self-dual 5-form, it automatically carries equal electric and magnetic charge
densities. A special property of this object, as well as of those in [8]{[11], is that the string
coupling is independent of position. This appears to be necessary for agreement between
the two denitions of entropy. For p-branes with p < 3 it is easy to check that the D-brane
entropy is not proportional to the horizon area. This is likely due to the string coupling
becoming strong near the p-brane.
The original 3-brane solution of type IIB supergravity was constructed in [12]. In section
2 we observe that at extremality this solution has vanishing horizon area. We construct a
new class of solutions describing 3-branes carrying nite momentum density along one of its
internal dimensions. Although the longitudinal momentum is known to stabilize the horizon
area of extremal black strings [11], here we nd that it does not. The fact that the classical
entropy is zero agrees with the fact that the logarithm of the ground state degeneracy of
the momentum-carrying Dirichlet 3-branes is not an extensive quantity. In order to address
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In this short note we will not attempt to reference all of the developments in the recent black hole
literature.
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objects with non-vanishing horizon area, in section 3 we consider slightly non-extremal 3-




. To leading order in the parameter
M=M
0
, which is a measure of deviation from extremality, we nd agreement between the
D-brane entropy and 1=4 of the horizon area. Amusingly, the statistical mechanics of a
non-extremal 3-brane is that of a photon (and photino) gas in 3+1 dimensions, which is the
classic black body radiation problem. The scaling of entropy with energy may be derived
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: (1)
Working out the overall factor in the Bekenstein-Hawking relation forces us to the surprising
conclusion that only the transverse excitation modes of the 3-brane should be counted in de-
termining the entropy. The internal (longitudinal) degrees of freedom are somehow required
to be absent from the counting.
Upon coupling of the 3-brane to the 10-dimensional world, waves colliding on the 3-brane
may be converted to massless closed string states. This is Hawking radiation in the D-brane
language [10]. The black body temperature that one assigns to a non-extremal 3-brane
acquires the interpretation of the Hawking temperature. In section 4 we conclude with a
brief discussion.
2 Entropy of 3-branes carrying longitudinal momen-
tum
The 3-brane solution to the equations of type IIB supergravity was originally obtained by











































 = const : (2)
In these equations F
(5)
is the Ramond-Ramond self-dual 5-form eld strength coupling to

























(in this section we are not being careful to keep track of proportionality constants because






is achieved when the horizon radius r
+
becomes equal to r
 
. The extremal ADM mass is
proportional to Q, as required by supersymmetry. The extremal solution preserves one-half
of the ten dimensional type IIB supersymmetries, i.e. N = 1. We also introduce an infrared
cut-o by compactifying each internal coordinate x
i
on a very large circle of radius L, i.e.
imagine that the 3-brane is wrapped around a large 3-torus T
3
.


























therefore vanishes in the extremal limit.
If we x the charge and consider a slightly non-extremal black 3-brane then, as we will

















In the case of the black string [12], which also had zero area at extremality, it was possible
to perform a boost along the string to induce simultaneously nite ADM momentum and
horizon area.
It is also easy to inject momentum P along one
5
of the three spatial worldbrane directions,
which we take to be x
1
. The appropriate solution may be found by performing a (now-











































































If we imagine that the T
3
is small, then we can think of the conguration (8) as a seven-
dimensional black hole. The black hole has a gauge charge corresponding to the gauge eld
which comes from the (t; x
1
) cross term in the metric. Note that this solution is still BPS-
saturated, as it preserves one supersymmetry of a possible four (type IIB compactied on
T
3
to d = 7 has N = 4 supersymmetry). In ten dimensional language this \charge" is just





















Note that our conclusions would be unchanged if we performed additional boosts involving any of the
other spatial worldbrane directions.
3
where n is an integer and we are keeping the ten dimensional Newton constant xed.
If we let the deviation from extremality go to zero, but also take the limit of innite











































This quantity is not extensive in the spatial worldvolume of the 3-brane. The entropy density,








! 0 : (12)
For a Dirichlet p-brane, this zero BPS entropy will actually happen for any value of p > 1, as
follows. A BPS-saturated excitation on the worldvolume is eectively restricted to live in a
single dimension, because if there were two nite orthogonal momenta then the state would
















! 0 : (13)
So we see that in order to have nite, nonzero ADM momentum and nite, nonzero entropy,
both measured per unit spatial worldvolume, we need p = 1, i.e. the string.
Let us now compare this conclusion about the Dirichlet 3-brane entropy with results for
the classical black 3-brane conguration. Due to the boost, we nd that the Bekenstein-



































as  ! 1 and M=M
0
! 0. Let us now take the limit such that the ADM momentum










! 0 : (15)
This tells us that the BPS-saturated 3-brane with nite nonzero momentum still has zero










), this scales similarly to the quantity (11); however, it is dicult to give this
modied area an enlightening physical interpretation.
Therefore we see that the entropy of the BPS-saturated classical 3-brane with momentum,
which by denition is extensive in the horizon area, is also zero. It is satisfying that the
entropies on the classical black 3-brane and Dirichlet 3-brane sides agree, as expected.
3 Statistical Mechanics of Non-extremal 3-branes
In this section we will consider non-BPS excitations of the 3-brane. In the D-brane picture
the excitations we have in mind are described by a dilute gas of massless open string states
running along the brane in arbitrary directions. The average total momentum is zero. The





where ~n 2 Z
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The O(g) term in (17) accounts for interactions among the strings. The validity of counting
these states and no others to obtain the entropy of a non-extremal p-brane was discussed
in [14] for the case p = 1, and the same arguments apply here. In particular, our ability
to control the decay rate of the non-BPS states by making L large allows us to count these
states reliably with g and hence G
N
nite.
Rather than calculating the degeneracy of excited 3-brane states at a given M directly,
let us instead consider the statistical mechanics of massless string states in the grand canon-
ical ensemble. The temperature T will later be identied as the Hawking temperature, but
for now one can regard our ensemble calculations as a trick to gure out the degeneracies
of brane excitation levels. Before writing down the partition function, we want to argue
that the only degrees of freedom relevant to our entropy calculation are the bosonic modes
corresponding to oscillations of the 3-brane in the six dimensions transverse to its world vol-
ume, and their fermionic superpartners. The other two modes are gauge degrees of freedom
on the three-dimensional world volume { compressive oscillations of the brane, if you will.
Excluding them from the counting seems arbitrary, but it is necessary to achieve agreement
with the Bekenstein-Hawking entropy. At this point we can only oer the suggestion that
some subtlety of the gauge dynamics prevents them from being enumerated along with the
transverse oscillations in the degeneracies.
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Both bosonic and fermionic modes are included in (19). It is not hard to check that in 3+ 1
dimensions each fermion mode makes 7=8 the contribution of a boson mode to the entropy
and energy (the corresponding ratio in 1 + 1 dimensions is 1=2). Using the relations


























At this point it is easy to see how things change when n
w
3-branes are stacked on top of




states for every one state we had before. In this context it is important to recall
that there is no binding energy among the 3-branes [15], so strings running between dierent
branes really are massless. Furthermore, when L is large, it makes no dierence whether we
consider n
w





density of massless string states per unit volume is unaected by such changes in boundary
conditions.
To recapitulate, the prescription for n
w




thermodynamic systems, each identical to the n
w







































Setting E = M in (24), one obtains the entropy of non-extremal 3-branes with mass M
0
+
































This expression for S should be comparable to the Bekenstein-Hawking entropy. Let us
therefore turn to the calculation of the horizon area in the low-energy supergravity theory.



































































































































in exact agreement with (26)! If we had included all eight bosonic and fermionic modes











While admitting that the necessity of excluding the longitudinal degrees of freedom from the
counting remains somewhat mysterious to us, we feel that the Bekenstein-Hawking entropy
has proven such a useful theoretical guide in the past that we should perhaps regard this
mystery as a hint that could lead us to new insight into the physics of the compressive
oscillations of branes.
A bonus we get for computing the entropy in the grand canonical ensemble is that the
blackbody temperature T used in (19-23) is precisely the Hawking temperature. This is a
7
trivial consequence of the relation M =M
0
+E where E is the energy of the gas of massless
open strings. We know from ordinary statistical mechanics that dE = TdS when L is held





















At rst it seems surprising that the Hawking temperature should be independent of the string
coupling g. But it becomes inevitable when one realizes that T
H
= T , since the properties
of the dilute gas of open string states characterizing the excitation of the D-brane depend
in no way on g. The string coupling determines only the degree of diluteness necessary to
make our arguments valid. It remains a fascinating and challenging problem to derive this g-
independent temperature from a string perturbative calculation of the amplitudes for decay
processes of the excited 3-brane, similar to the scattering amplitudes computed in [17].
4 Discussion
In this paper we presented a very simple Dirichlet brane system whose entropy is reproduced
by the Bekenstein-Hawking entropy of the corresponding low-energy supergravity solution.
This agreement, not only in the scaling with respect to all parameters but in the coecient
as well, is so miraculous that it clearly requires a deeper understanding. How does classical
type IIB supergravity \know" the Planck formula for black body spectrum? Apparently it
does. It also instructs us to ignore the longitudinal modes of the 3-brane, and to take into
account the entropy of transverse modes only. We take this as a hint that the longitudinal
vibrations are somehow frozen out at low energies, but would like to be able to show this
from rst principles. Motivated by [10] we would also like to show precisely how the 3-brane
black body temperature translates into the Hawking temperature of the outgoing closed
string radiation. We hope to report on these issues in the near future.
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